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Vector: A = A1 i + A2 j + A3 k  B = B1 i + B2 j + B3 k  C = C1 i + C2 j + C3 k 

Scalar:  φ = φ(x,y,z)   ψ = ψ(x,y,z) 
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(1) (A x B).C ≡ (B x C).A ≡ (C x A).B 

 

(2) A x (B x C) ≡ (A.C)B - (A.B)C 

 

(3) Prove ∇(φ + ψ) = ∇φ + ∇ψ 
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 ∴ ∇(φ + ψ) = ∇φ + ∇ψ 

 

 

(4) Prove ∇(φ ψ) = φ ∇ψ + ψ ∇φ 
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 ∴ ∇(φ ψ) = φ ∇ψ + ψ ∇φ 

 

 

(5) Prove ∇.(A + B) = ∇.A + ∇.B 
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∴ ∇.(A + B) = ∇.A + ∇.B 

 

 

(6) Prove ∇x(A + B) = ∇xA + ∇xB 
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 ∴ ∇x(A + B) = ∇xA + ∇xB 

 

 

(7) Prove ∇.(φA) = (∇φ).A + φ(∇.A) 
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 ∴ ∇.(φA) = (∇φ).A + φ(∇.A) 

 

 

(8) Prove ∇x(φA) = (∇φ)xA + φ(∇xA) 
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(9) Prove ∇.(AxB) = B.(∇xA) - A.(∇xB) 
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Similarly, by interchanging the variable of A and B, we have 
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(10) Prove ∇x(AxB) = (B.∇)A - B(∇.A) - (A.∇)B + A(∇.B) 

( ) ( ) ( ) ( )[ ]kBABAjBABAiBABAx

BBB

AAA

kji

xAxBx 122113312332

321

321 −+−−−∇=∇=∇  

 = 

122131132332 BABABABABABA

zyx

kji

−−−
∂

∂
∂

∂
∂

∂  

 = ( ) ( ) ( ) ( ) ( ) ( )
k

y

BABA

x

BABA
j

z

BABA

x

BABA
i

z

BABA

y

BABA









∂

−∂
−

∂

−∂
+









∂

−∂
−

∂

−∂
−









∂

−∂
−

∂

−∂ 233231132332122131131221  

 = LHS 

 

(B.∇)A - B(∇.A) = ( ) ( )kBjBiB
z

A

y

A

x

A
kAjAiA

z
B

y
B

x
B 321

321
321321 ++









∂

∂
+

∂

∂
+

∂

∂
−++









∂

∂
+

∂

∂
+

∂

∂  

= k
y

A
B

x

A
B

y

A
B

x

A
Bj

z

A
B

x

A
B

z

A
B

x

A
Bi

z

A
B

y

A
B

z

A
B

y

A
B 









∂

∂
−

∂

∂
−

∂

∂
+

∂

∂
+









∂

∂
−

∂

∂
−

∂

∂
+

∂

∂
+









∂

∂
−

∂

∂
−

∂

∂
+

∂

∂ 2
3

1
3

3
2

3
1

3
2

1
2

2
3

2
1

3
1

2
1

1
3

1
2

 

 

Similarly, by interchanging the variable of A and B, we have 

(A.∇)B - A(∇.B) = ( ) ( )kAjAiA
z

B

y

B

x

B
kBjBiB

z
A

y
A

x
A 321

321
321321 ++









∂

∂
+

∂

∂
+

∂

∂
−++









∂

∂
+

∂

∂
+

∂

∂  

= k
y

B
A

x

B
A

y

B
A

x

B
Aj

z

B
A

x

B
A

z

B
A

x

B
Ai
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B
A

y

B
A

z

B
A

y

B
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


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



∂

∂
−

∂

∂
−

∂

∂
+

∂

∂
+





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

∂

∂
−

∂

∂
−
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∂
+
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∂
+





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
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∂
−

∂

∂
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∂
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3
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3
1

3
2

1
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2
1

3
1

2
1

1
3

1
2

 

(B.∇)A - B(∇.A) - (A.∇)B + A(∇.B) 

= 
i

z

B
A

z

A
B

y

B
A

y

A
B

z

B
A

z

A
B

y

B
A

y

A
B 

















∂

∂
+

∂

∂
−








∂

∂
+

∂

∂
−








∂

∂
+

∂

∂
+








∂

∂
+

∂

∂ 1
3

3

1
1

2
2

1

3

1
1

3
2

1
1

2

 

 j
z

B
A

z

A
B

x

B
A

x

A
B

z

B
A

z

A
B

x

B
A

x

A
B 

















∂

∂
+

∂

∂
−








∂

∂
+

∂

∂
−








∂

∂
+

∂

∂
+








∂

∂
+

∂

∂
+ 2

3

3

2
2

1
1

2

3

2
2

3
2

1
2

1
 

 k
y

B
A

y

A
B

x

B
A

x

A
B

y

B
A

y

A
B

x

B
A

x

A
B 

















∂

∂
+

∂

∂
−








∂

∂
+

∂

∂
−








∂

∂
+

∂

∂
+








∂

∂
+

∂

∂
+ 3

2
2

3
3

1
1

3
2

3
3

2
1

3
3

1
 

= ( ) ( ) ( ) ( ) ( ) ( )
k

y

BABA

x

BABA
j

z

BABA

x

BABA
i

z

BABA

y

BABA









∂

−∂
+

∂

−∂
+









∂

−∂
+

∂

−∂
−









∂

−∂
+

∂

−∂ 322331133223122113311221  

= ( ) ( ) ( ) ( ) ( ) ( )
k

y

BABA

x

BABA
j

z
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z
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y
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



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−∂
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−∂
−









∂

−∂
−

∂

−∂ 233231132332122131131221  

= RHS 

 

RHS = LHS 
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 ∴ ∇x(AxB) = (B.∇)A - B(∇.A) - (A.∇)B + A(∇.B) 

 

 

(11) Prove ∇(A.B) = (B.∇)A + (A.∇)B + Bx(∇xA) + Ax(∇xB) 

∇(A.B) = ( )332211 BABABAk
z

j
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i
x

++

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




∂

∂
+
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∂
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∂  = LHS 
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B
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Similarly, by interchanging the variable of A and B, we have 

(A.∇)B = ( )kBjBiB
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A
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Hence 

(B.∇)A + Bx(∇xA) 
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z

A
B

z

A
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(A.∇)B + Ax(∇xB) 
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(B.∇)A + (A.∇)B + Bx(∇xA) + Ax(∇xB) 

= ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
k

z

BA

z

BA

z

BA
j

y

BA

y

BA

y

BA
i

x
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x
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x
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
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


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z

j
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x

++








∂

∂
+

∂

∂
+

∂

∂  = RHS 

LHS = RHS 

 

 ∴ ∇(A.B) = (B.∇)A + (A.∇)B + Bx(∇xA) + Ax(∇xB) 

 

 

(12) Prove ∇.(∇φ) = ∇2φ 

 ∇.(∇φ) = 








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+
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∂

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
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       = φ
φφφ 2

2

2

2

2

2

2

∇=
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∂
+

∂

∂
+

∂

∂

zyx
 

 ∴ ∇.(∇φ) = ∇2φ 

 

 

(13)  Prove ∇x(∇φ) = 0 

  ∇x(∇φ) = 


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   = ( ) ( ) ( )kji xyyxxzzxyzzy φφφφφφ −+−−−  

 Since φ has continuous second order partial derivatives, we have 

   φxy = φyx  φyz = φzy  φzx = φxz 

 ∴  ∇x(∇φ) = 0 
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(14)  Prove ∇.(∇xA) = 0 

  ∇.(∇xA) = 
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      = 0 

  ∴ ∇.(∇xA) = 0 

 

 

(15) Prove ∇x(∇xA) = ∇(∇.A) - ∇2
A 

 ∇x(∇xA) = 

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 = LHS 

 

∇(∇.A) - ∇2
A 

= ( )kAjAiA
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 = RHS 

 

 LHS = RHS 

 ∴ ∇x(∇xA) = ∇(∇.A) - ∇2
A 

 

 


